In this paper we prove the Hyers-Ulam-Rassias stability by considering the cases that the approx-
Introduction
In 1940, S.M. Ulam [23] for all x, y ∈ G \ {e} and
for all x, y ∈ G and n ∈ N. Then the limit 
Proof. From (2.3), we easily obtain
f (x 2 ) + f (e) − 4g(x) = ϕ(x, x), (2.7)
8)
and (2.13)
for all x ∈ G \ {e}. From (2.7), (2.9) and (2.10), we have
for all x ∈ G \ {e}. From (2.8), (2.11) and (2.13), we have
for all x ∈ G \ {e}. From (2.7), (2.10), (2.12) and (2.14), we have
for all x ∈ G \ {e}. From (2.16) and (2.17), we get
for all x ∈ G \ {e}. From (2.15) and (2.18), we get
for all x ∈ G \ {e}. Hence we have
for all x ∈ G \ {e}. Replacing x by x 2 n and dividing by 4 n in the above equation, we have
for all n ∈ N and x ∈ G \ {e}. Induction argument implies
for all n ∈ N and all x ∈ G \ {e}. From (2.2), we can take the limit in the above equation as n → ∞, and lim n→∞ (f (x 2 n+1 ) − f (e))/4 n exists and the equation
holds for all n ∈ N and x ∈ G \ {e}. Therefore we can define Q : G → X by
for any x ∈ G and (2.5) holds. Replacing x by x 2 n and dividing by 4 n+1 in (2.7), we have
for all x ∈ V . Taking the limit in (2.19) as n → ∞, we get Q(x) = lim n→∞ g(x 2 n )/4 n . From (2.5) and (2.7), we have Eq. (2.6). Replacing x by x 2 n and dividing by 4 n in (2.3), we have
for all x, y ∈ G \ {e} and for all n ∈ N . Taking the limit in the above equation as n → ∞, we easily obtain
Corollary 2.1. Let V be a vector space and X a Banach space.
Then there exists exactly one quadratic function
for all x ∈ V \ {0}.
Since V is a vector space, Eq. (2.4) holds for any x, y ∈ V . Since ϕ 1 (x, y) ϕ(x, y) and X is a Banach space, ϕ 1 : V \ {0} × V \ {0} → X is a mapping satisfying the two conditions
for all x ∈ V \ {0} and for any fixed i, j = 0, 1, 2, 3, . . .. By Theorem 2.1, the limit Q(x) = lim n→∞ f (2 n x )/4 n exists for any x ∈ V and Q satisfies
for all x, y ∈ V . In this case, the equations In this section, we prove the stability of the Pexiderized quadratic equation 
and the condition (2.4). Then the limit Q(x) = lim n→∞ f (x 2 n )/4 n = lim n→∞ g(x 2 n )/4 n exists for all x ∈ G, and Q is quadratic. In this case, the equations
hold for all x ∈ G \ {e}, where
Proof. From (3.1), we can easily obtain
for all x, y ∈ G \ {e}. Let
for all x ∈ G. Because f, g, h, k are even functions, from (3.1), (3.5)-(3.7), we obtain
From (3.8), we easily obtain
and
for all x ∈ G \ {e}. By the similar method as in the proof of Theorem 2.1, there exists exactly one quadratic function Q : G → X such that
for all x ∈ G. Since f, g, h, k are even functions, replacing y by x on the both sides of (3.1), we have
for all x ∈ G \ {e}. Similarly we have
for all x ∈ G \ {e}. From (3.12) and (3.13), we get
for all x ∈ G \ {e}. Replacing x by x 2 n−1 and dividing by 4 n in (3.14), we have
4 n for all n ∈ N and x ∈ G \ {e}. From this and (3.11), we obtain
From (3.9) and (3.14), we get
for all x ∈ G \ {e}. Similarly we get 
for all x ∈ V \ {0}, where
Remark. Define the even functions f, g, h, k
where L is a positive real number. Then f, g, h, k are satisfy (3.1) where ϕ(x, y) = 0 for all x, y ∈ G. From Theorem 3.1, Q(x) = 0 for all x ∈ G but we cannot find any fixed M, M such that
where M, M depend on ϕ,φ.
We need the following lemma to prove Theorem 3.2.
Lemma 3.1. Let ϕ : G \ {e} × G \ {e} → X be a mapping satisfying the conditions
for all x ∈ G \ {e} and for any fixed i, j = 0, 1, 2, 3, . . .. Suppose that an odd function
for all x, y ∈ G \ {e} and the condition (2.4). Then the limit T (x) = lim n→∞ 2 −n f (x 2 n ) exists for any x ∈ G, and T satisfies
for all x, y ∈ G. In this case, the equation
holds for all x ∈ G.
Proof. Since f is odd,
From (3.20) and (3.21), we get
Replacing x by x 2 n−1 and dividing by 2 n+2 in (3.22), we have
for all x ∈ G \ {e}. Applying an induction argument to n, we obtain
for all x ∈ G \ {e}. Taking the limit in (3.23) as n → ∞, we obtain
From this and (3.16), we can define T : G → X by
for all x in G and (3.19) holds. Replacing x, y by x 2 n−1 , y 2 n−1 , respectively, dividing by 2 n−1 in (3.17) and taking the limit as n → ∞, we obtain Eq. (3.18). 2
Theorem 3.2 (Odd function).
Let ϕ : G \ {e} × G \ {e} → X be a mapping satisfying the condition (3.15) and (3.16) . Suppose that the odd functions f, g, h, k : G → X satisfy
and the condition (2.4) for all x, y ∈ G \ {e}. Then the limits
)/2 n exist for any x ∈ G, and T , T : G → X satisfy Eq. (3.18) . In this case, the equations
hold for all x ∈ G.
Proof. Since f, g, h, k are odd functions, we see that
for all x, y ∈ G \ {e}. From (3.24) and the above equations, we can easily obtain
for all x, y ∈ G \ {e}. From (3.24), (3.30 ), (3.32) and (3.34), we see that
for every x, y ∈ G \ {e}, where
By Lemma 3.1, the limit
exists for all x ∈ G and T satisfies (3.18) for all x, y ∈ G. In this case, the equation
holds for all x ∈ G \ {e}. Hence, we easily obtain Eq. exists for all x ∈ G and T satisfies (3.18) for all x, y ∈ G. In this case, the equation
holds for all x ∈ G \ {e}. +ψ(x, 5x) +ψ(5x, −x) +ψ(x, −5x)+2ψ(4x, 4x) + 2ψ(4x, −4x) + 2ψ(4x, 2x) + 2ψ(2x, 4x) + 2ψ(4x, −2x) + 2ψ(2x, −4x) + 2ψ(3x, 3x) + 2ψ(3x, −3x) +ψ(3x, x) +ψ(x, 3x) +ψ(3x, −x)
+ψ(x, −3x) + 2ψ(2x, 2x) + 2ψ(2x, −2x) .
